Abstract. Relationships between the orthogonal direct sum decomposition of a vector space over a nite eld and the existence of the generalized inverses of a linear transformation over the nite eld is analysed. Necessary and sucient conditions for judging the existence of the generalized inverses of a linear transformation over a nite eld are presented.
Introduction
It is known that linear transformations can usually be represented by matrices. The study of generalized inverses of linear transformations can in some extent be converted to the study of matrices. Since the 1970's the theory of generalized inverse of matrices has been systematically developed 1], but most results were obtained over the eld of real numbers. With the development of digital communications and computer science, algebraic methodology over nite elds have been more and more extensively exploited. For the essential di erence between the eld of real numbers and nite elds, some properties of matrices over the eld of real numbers cannot be analogized over nite elds. This paper will present a study of generalized inverses over nite elds. Su cient and necessary conditions for judging the existence of generalized inverse of linear transformations over nite elds are given.
Preliminaries
Let p be a prime, q = p m with m 1. Denote by F q the nite eld with q elements. Let M m n be the set of all matrices over F q of order m n. When m = n all matrices in M n n are square. We denote by I n the identity matrix of order n n; i.e., all ones on its main diagonal and all zeros elsewhere. It is known that any A 2 M m n corresponds uniquely to a linear mapping ? A from F n q to F m q given by ? A (x) = Ax; 8x 2 F n q : (1) In addition A T , the transposed matrix of A, corresponds uniquely to a linear mapping ? A T from F m q to F n q given by ? A T (y) = A T y = (y T A) T ; 8x 2 F m q : (2) Conversely, let ? A be a linear mapping from F n q to F m q , then there must exist an unique matrix A 2 M m n such that equation (1) 
Im(AA ? r ) = Im(A); 
Notice that (5) and (6) mean that A ? r A and AA ? r are symmetric respectively. It will be described further when a matrix is symmetric below. By the same way it can be shown that x 1 ; Ax 2 = Ax 1 ; Ax 2 : So Ax 1 ; x 2 = x 1 ; Ax 2 : By lemma 4 we know that A is symmetric. 2
Theorem 1 Let A 2 M m n : Then a necessary and su cient condition for the existence of a re exive generalized inverse A ? r of A which satis es equation (5) is that F n q has the following orthogonal direct sum decomposition: (A ? r ) ) ? ) = dim(Im(A)) we get (Ker (A ? r ) Theorem 6 Let V be a proper vector subspace of F n q . Then a necessary and su cient condition for F n q to be able to be decomposed into the orthogonal direct sum of V , i.e., F n q = V V ? ; is that F n q = 2V ?
Proof: Easy to check.
2
Theorem 7 Let V be a proper vector subspace of F n q and dim(V ) = r: Then a necessary and su cient condition for F n q to be able to be decomposed into the orthogonal direct sum of V is that for any basis e 1 ; e 2 ; :::; e k of V; e 1 ; e 2 ; :::; e k ] T e 1 ; e 2 ; :::; e k ] 6 = 0; (16) where jAj means the determinant of matrix A:
Proof: Necessity: Assume we have F n q = V V ? : Then for any basis e 1 ; :::; e k of V and any basis e k+1 ; :::; e n of V ? ; e 1 ; :::; e n must form a basis of F 3. A necessary and su cient condition for the existence of an M-P generalized inverse of A is that AA T has neither an all-zero row vector nor an all-zero column vector.
Concluding remarks
It has been shown how the existence of generalized inverses of a linear transformation depends on the orthogonal direct sum decomposition. Necessary and su cient conditions are presented for the existence of generalized inverses over nite elds. It should be noted that the theory of generalized inverses over nite elds can be a useful tool for cryptographic design. Based on the large number of generalized inverses of a matrix a public key cryptosystem was proposed in 2].
We have recently designed a key agreement scheme based on the theory of generalized inverses of matrices over nite elds 3]. It is anticipated that further applications of the theory of generalized inverses of matrices over nite elds are possible.
